We discuss the application of the reduced basis method for the simulation and control of unsteady viscous ows governed by the incompressible Navier-Stokes equations. We describe how to use this method in terms of the construction of a lower-order compensator design. Our approach includes a construction method of the optimal state feedback law for nite dimensional nonlinear regulator problems. The method is applied to construct a feedback law for the reduced order control model of the NavierStokes equations, and then we apply our feedback law to the original control system. Our method is demonstrated on a control problem formulated in a channel ow using a boundary velocity control. We also show how these ideas can be extended to control problems governed by partial di erential equations. Numerical results are reported for the open and closed loop controls, and a compensator design is proposed to complete the closed loop dynamics.
Introduction
In this paper we discuss the application of a reduced order model for the simulation and control of unsteady viscous ows. The reduced order model is developed using the reduced basis method with Lagrange interpolation. We will use the reduced basis method for the construction of a lower order compensator design. Our discussion will focus on the active control of the incompressible Navier-Stokes equations, but the procedure can be applied to other control problems governed by partial di erential equations.
Active control of partial di erential equations in real time requires extensive computational time and resources. Using standard methods such as nite di erences or nite elements often result in problems that are too large to solve in a reasonable time. We develop a reduced order model which overcomes this di culty. The reduced basis method uses basis functions which are generated from the equations being solved. Since the basis functions are problem dependent, the dynamics of the original system can e ectively be captured while using a small number of basis functions. This results in a dense, low order system which can be solved e ciently. This is in contrast to nite element methods, which use piecewise polynomials as basis functions, resulting in a large, sparse system of equations.
In x2 we will discuss the simulation of the incompressible Navier-Stokes equations using the nite element method. In x3 we describe the reduced basis method. This includes the selection of the reduced basis subspace and the construction of the reduced order model for the time dependent Navier-Stokes equations. We will compare two techniques for the selection of basis functions, and compare the reduced order solutions with the full solution computed in x2. In x4 we discuss the reduced order optimal control problem and formulate the solution method for the nonlinear regulator problem. In x5 we describe the construction of the feedback synthesis based on the reduced order model, and we also develop a compensator design based on the reduced order control system and the constructed feedback synthesis.
Simulation of the Navier-Stokes Equations
The Navier-Stokes equations which govern viscous incompressible ow are @u @t ? 1 Re u + u ru + rp = f in (0; T] u(x;0) = u 0 (x) in (2.4) where u(x;t) is the velocity, p(x; t) is the pressure, f(x;t) is the body force, Re is the Reynolds number, u b is the boundary velocity, u 0 (x) is the initial velocity, and is a bounded region in R I 2 with boundary ?. We will cast (2.1)-(2.4) in a variational form and use a mixed nite element approximation. First, we will introduce some standard notations. We denote by L 2 ( ) the collection of square integrable functions de ned on , and we de ne the inner product on L 2 ( ) by ( ; (2.14) We solved (2.13)-(2.14) using Newton's method; the Newton step here is carried out using the iterative method GMRES. In Figure 1 , we see the solution to these equations on the forward facing channel ow. The height of the in ow boundary is 3, and that of the out ow boundary is 2. For boundary conditions, we assume a parabolic velocity pro le at the in ow and out ow, and zero boundary conditions on all other walls. The in ow condition is u(y) = 1 9 y(3?y) and the out ow condition is u(y) = 3 8 (3?y)(y?1).
The equations (2.13)-(2.14) were solved using t = 0:1 to a nal time of T = 40. Since Typically, a large number of unknowns is required to capture the complex ow patterns at high Reynolds numbers. For our computations, over 5000 unknowns were used. Using an Ultra Sun Sparc Station, the above computation required approximately 20 hours of computational time. We would like to develop a method to reduce the order of the system, thus requiring less computational time to solve, while still capturing the dynamics of the original system. We will describe this reduced order method in the next section.
The Reduced Basis Method
In this section we will present a reduced order method based on the reduced basis method. We would like this reduced order method to have the following characteristics:
1. Require a small number of basis functions. 2. Be inexpensive to solve. 3. Capture the dynamics of the original system. The reduced basis method was rst proposed in 4, 5] for structural analysis, and it has been used for structural problems in 6, 7] , and for incompressible ow problems in 8, 9] . We will discuss the choice of reduced basis subspace and the construction of the reduced order equation. We will then develop a reduced order model for the incompressible Navier-Stokes equations, and show that it can e ectively be used to capture unsteady viscous ows.
Consider the equation E(u; ) = 0 for u 2 X; 2 (3.1) where represents a physical parameter, such as Reynolds number, and u is a solution in a Hilbert space X. We will construct the reduced basis subspace X R X by interpolation of the solution function u( ) of Equation (3.1) using one of the following three choices. Let f i g be a basis for the reduced basis subspace X R X, and let m = dim(X R ). If we let the reduced order solution be u R = P m i=1 i i , then we obtain the reduced order problem by projecting Equation (3.1) onto the reduced basis space by the Galerkin approximation E R (u R ; ) i = hE(u R ; ); i i X X ; i = 1; : : :; m:
we can generate the basis functions using solutions to the stationary problem as described previously, or we can use solutions to (3.2) at di erent time instances. The reduced order solution is u R (t) = P m i=1 i (t) i , and the reduced order problem is h d dt u R (t) + E(u R (t); ); i i X X = 0; i = 1; : : :; m
We performed a comparison of the Lagrange and Hermite basis functions for the stationary Navier-Stokes equations. Using the approach described above, ie computing solutions at various Reynolds numbers, we were able to obtain a good approximation using 3 to 5 basis functions. The performance of the Lagrange versus the Hermite basis functions is comparable. Since the Lagrange basis functions require less time to compute and are also more adaptable, we will use Lagrange basis functions for the rest of our computations.
Reduced Order Model for Viscous Flows
In this section we will develop a reduced order model for the unsteady incompressible Navier-Stokes equations. The reduced basis functions will be generated using two di erent techniques: 1. Solutions to the time dependent Navier-Stokes equations at various time instances, 2. Solutions to the stationary Navier-Stokes equations with varying boundary velocity control force.
In both cases we will use Lagrange interpolation to generate the reduced basis subspace. The former method is the more standard approach and has been proven e ective in 10]. We use the latter approach because we feel it leads more naturally to the reduced order control problem. Through a comparison we will show that both techniques of basis generation produce a reduced order model which accurately captures the dynamics of the time dependent Navier-Stokes equations. We will rst illustrate the generation of the reduced basis functions from the time dependent This is a dense, low-order system of nonlinear ordinary di erential equations which we solved using the Implicit We solved this quadratic system using Newton's method. Since the order of the system is small, the Newton step can be solved e ciently using a direct solver.
We have shown that a reduced order model can be developed which is inexpensive to solve. In the next section we will show that this model can accurately capture the original dynamics using a small number of basis functions.
Computations of the Reduced Order Model
We will demonstrate the performance of the reduced order model for the time dependent Navier-Stokes equations on the forward facing channel ow problem. As described in the previous section, we will compare two techniques for the selection of basis functions. The basis functions generated from the time dependent solution are shown in Table 1 .
Basis Function u 0 u 1 u 2 u 3 u 4
Number of time steps 100 200 300 400 500 The basis functions generated from the stationary solution with corresponding boundary velocity are shown in Table 2 In Figure 2 we see the full solution at T = 25. The solution was generated from the mixed nite element approximation described in Section 2. In Figure 3 we see the reduced order solution using basis functions generated from the stationary solution. In Figure 4 we see the reduced order solution using basis functions generated from the time dependent solution. Since we used the solution to the Stokes equations as an initial condition for the full solution, we will use the projection of the Stokes solution onto the reduced basis space as an initial condition for the reduced order model. Comparing Figures 3 and 4 with Figure 2 , we see that the reduced order models do accurately capture the dynamics of the full solution. For a closer examination, in Figure 5 we see the velocity pro les of the reduced order models and the full solution at various time instances. The velocity pro les are chosen at x = 1; 2; 3; 4; 5. These were chosen because this is where the recirculation is taking place, and it is this property which we want to capture with the reduced order models. 
Reduced Order Control Problem
In this section we will develop a reduced order model for the control of the unsteady Navier-Stokes equations. From this reduced order system we will compute the necessary optimality conditions and outline a method of solution which can also be used to compute the open loop control for control problems governed by partial di erential equations.
We begin with the development of the optimal control problem for viscous incompressible ows with boundary velocity control. Let us formulate the optimal control problem as is the control force with the relation d dt u(t) = v(t). Note that by including v(t) in the cost functional, we are minimizing the rate of change of the control velocity u(t). The problem we will be studying is the minimization of vorticity in some subregion of the forward facing channel. We will use F(u) = F vorticity = Z jr uj 2 dx
where is the subregion where we wish to minimize vorticity. We will also use We will now present the reduced order optimal control problem. The purpose of designing a reduced order model is so that the control can be computed in an e cient way, thus obtaining a suboptimal control law for the full system. De ne the reduced order solution as
where 0 corresponds to the stationary boundary force, ie the in ow/out ow conditions, f i g m i=1 are test functions with homogeneous boundary conditions, and f j g m+n j=m+1 are trial functions with corresponding boundary control force. The number of trial functions n will be determined by the number of control inputs in the system. The number of test functions m should be chosen large enough that they can accurately capture the dynamics of the system, yet small enough so that the reduced order system does not become ill-posed. For the forward facing channel ow problem with tangential boundary velocity control, we have one trial function corresponding to the control input, and we obtained good results using 2 to 4 test functions.
We can write the reduced order controlled unsteady Navier-Stokes equations as M _ (t) + Ax(t) + x(t) T Nx(t) + bv(t) = 0 _ u(t) = v(t):
We can now write the reduced order control problem as ? _ p(t) = f x (x(t)) T p(t) + l x (x(t)) (4.13) with x(0) = x 0 and p(T) = 0, and the optimal control v(t) for (4.9)-(4.11) is given by v(t) = ?1 B T p(t):
In the next section we will develop a solution procedure for the TPBV problem (4.12)-(4.13), and then present numerical results for the reduced order controlled NavierStokes equations.
Solution Procedure for Reduced Order Control Problem
In this section we will describe a general solution procedure to solve the TPBV problem (4.12)-(4.13). This method is described in 10] and is summarized here since the results are used directly in the design of the feedback synthesis. We will discretize (4.9)-(4.11) using the Crank-Nicholson method for the dynamical constraint (4.10), and the trapezoidal rule for the cost functional (4.9), instead of directly discretizing the TPBV problem (4.12)-(4.13). That is, then the Jacobian is a block tridiagonal matrix with blocksize 2m. Thus the Newton step can be solved using a block tridiagonal algorithm.
Computations of the Open Loop Control Problem
We consider the control problem in a forward facing step channel ow. The goal is to minimize the recirculation that occurs at the top of the step by tangential movement of the boundary near the recirculation region, as seen in the schematic in Figure 6 . we obtained convergence of the two point boundary value problem in 9 iterations. The optimal control u(t) is shown in Figure 7 . The ow simulation with the optimal control input is shown in Figure 8 . and then applied to the unsteady Navier-Stokes equations.
Consider the optimal control problem (4.9)-(4.11) in R I m . Then the optimal control can alternatively be given by the feedback form v(t) = K(x(t); t) = (x(t); V x (x(t); t));
where (x(t); p(t)) = v(t) minimizes the Hamiltonian p(t) (f(x) + B(x)V ) + h(v(t)):
Here, V is the unique viscosity solution to the Hamilton-Jacobi-Bellman (HJB) equa-
where B(x) = B and h is the conjugate function of h. If we use h = 2 jv(t)j 2 , then the conjugate function is h = ? 1 2 jp(t)j 2 . Thus, the optimal feedback solution is given by v(t) = ? 1 B T V x (x(t); t) = K(x(t); t): Based on these observations, we can construct a suboptimal feedback law by carrying out the following steps:
1. Choose a set of collocation points R I m and calculate the solution (x(t); p(t)) x 0 to the TPBV problem at the points x 0 2 . Thus we obtain the values of K at the points x 0 2 . 
Computational Results of the Feedback Synthesis
The design of the feedback law K(x) requires that we compute the solution (x(t); p(t))
to the TPBV problem at a speci ed number of collocation points (x 0 ) i . The extent of these points can be determined from the solution to the TPBV problem with the desired initial condition. In Figure 9 we show the reduced order solution ( 1 (t); 2 (t); u(t)) computed from the TPBV problem using the Stokes tracking problem (4. . We see that this method does provide an accurate interpolant. In our calculations, we observed that lower values of provided greater uctuations in the interpolant.
In Figure 11 we compare the values of the open loop control and the closed loop control for the reduced order control system (5.18)-(5.20). It validates the feasibility of our approach.
We now describe how to apply the feedback control law on the full Navier-Stokes equations. To calculate the feedback control, we project the full solution onto the reduced basis space by We can then construct the feedback law v(t) = K( 1 (t); 2 (t); u(t));
where ( 1 (t); 2 (t)) are computed from Equation (5.22) . In Figure 12 we show the values of the closed loop control from the full Navier-Stokes equations compared with the values of the closed loop control computed from the reduced order model. The open loop control is also included as a reference. 
Dynamic Compensator Design
The design of the feedback synthesis requires that we have a complete observation of the state at each time step. In practice, this is not feasible. For the full NavierStokes equations, rather than projecting the solution onto the reduced basis space and computing the feedback, we would like to be able to compute the feedback input v(t) using a partial observation of the state. In this section, we propose a method of constructing a state estimator to complete the compensator dynamics.
The reduced order controlled Navier-Stokes equations can be written as and Q; R are the covariance matrices of the system and observation noise, respectively.
Conclusions
We have presented a reduced order model based on the reduced basis method that can be used for the simulation and control of viscous incompressible ow problems. This reduced order model is inexpensive to solve and accurately captures the dynamics of the original system using a small number of basis functions. The feasibility of the reduced order model for ow control was demonstrated on a boundary velocity control problem. A low order feedback control law was developed and successfully implemented on the full Navier-Stokes equations. Through our numerical experiments, the feasibility of this feedback law was demonstrated for the control of viscous ows. With the state estimator, we have a complete compensator design for the full Navier-Stokes equations.
